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Chapter 33

Statistics - Grade 11

33.1 Introduction

This chapter gives you an opportunity to build on what you have learned in previous Grades
about data handling and probility. The work done will be mostly of a practical nature. Through
problem solving and activities, you will end up mastering further methods of collecting, organising,
displaying and analysing data. You will also learn how to interpret data, and not always to accept
the data at face value, because data are sometimes unscrupulously misused and abused in order
to try to prove or support a viewpoint. Measures of central tendency (mean, median and mode)
and dispersion (range, percentiles, quartiles, inter-quartile, semi-inter-quartile range, variance
and standard deviation) will be investigated. Of course, the activities involving probability will
be familiar to most of you - for example, you have played dice games or card games even before
you came to school. Your basic understanding of probability and chance gained so far will be
deepened to enable you to come to a better understanding of how chance and uncertainty can
be measured and understood.

33.2 Standard Deviation and Variance

The measures of central tendency (mean, median and mode) and measures of dispersion (quar-
tiles, percentiles, ranges) provide information on the data values at the centre of the data set
and provide information on the spread of the data. The information on the spread of the data
is however based on data values at specific points in the data set, e.g. the end points for range
and data points that divide the data set into 4 equal groups for the quartiles. The behaviour of
the entire data set is therefore not examined.

A method of determining the spread of data is by calculating a measure of the possible distances
between the data and the mean. The two important measures that are used are called the
variance and the standard deviation of the data set.

33.2.1 Variance

The variance of a data set is the average squared distance between the mean of the data set and
each data value. An example of what this means is shown in Figure 33.1. The graph represents
the results of 100 tosses of a fair coin, which resulted in 45 heads and 55 tails. The mean of the
results is 50. The squared distance between the heads value and the mean is (45 — 50)% = 25
and the squared distance between the tails value and the mean is (55 — 50)% = 25. The average
of these two squared distances gives the variance, which is %(25 +25) = 25.

Population Variance

Let the population consist of n elements {z1,x2,...,2,}. with mean Z (read as "x bar"). The
variance of the population, denoted by o2, is the average of the square of the distance of each
data value from the mean value.
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Figure 33.1: The graph shows the results of 100 tosses of a fair coin, with 45 heads and 55
tails. The mean value of the tosses is shown as a vertical dotted line. The difference between
the mean value and each data value is shown.

Since the population variance is squared, it is not directly comparable with the mean and the
data themselves.

Sample Variance

Let the sample consist of the n elements {x1,x9,...,z,}, taken from the population, with mean
Z. The variance of the sample, denoted by $2, is the average of the squared deviations from the
sample mean:

2 M. (33.2)

S =
n—1

Since the sample variance is squared, it is also not directly comparable with the mean and the
data themselves.

A common question at this point is "Why is the numerator squared?” One answer is: to get
rid of the negative signs. Numbers are going to fall above and below the mean and, since the
variance is looking for distance, it would be counterproductive if those distances factored each
other out.

Difference between Population Variance and Sample Variance

As seen a distinction is made between the variance, o2, of a whole population and the variance,
s2 of a sample extracted from the population.

When dealing with the complete population the (population) variance is a constant, a parameter
which helps to describe the population. When dealing with a sample from the population the
(sample) variance varies from sample to sample. Its value is only of interest as an estimate for
the population variance.

Properties of Variance

If the variance is defined, we can conclude that it is never negative because the squares are
positive or zero. The unit of variance is the square of the unit of observation. For example, the
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variance of a set of heights measured in centimeters will be given in square centimeters. This
fact is inconvenient and has motivated many statisticians to instead use the square root of the
variance, known as the standard deviation, as a summary of dispersion.

33.2.2 Standard Deviation

Since the variance is a squared quantity, it cannot be directly compared to the data values or
the mean value of a data set. It is therefore more useful to have a quantity which is the square
root of the variance. This quantity is known as the standard deviation.

In statistics, the standard deviation is the most common measure of statistical dispersion. Stan-
dard deviation measures how spread out the values in a data set are. More precisely, it is a
measure of the average distance between the values of the data in the set. If the data values are
all similar, then the standard deviation will be low (closer to zero). If the data values are highly
variable, then the standard variation is high (further from zero).

The standard deviation is always a positive number and is always measured in the same units as
the original data. For example, if the data are distance measurements in metres, the standard
deviation will also be measured in metres.

Population Standard Deviation

Let the population consist of n elements {x1,22,...,2,}. with mean Z. The standard deviation
of the population, denoted by o, is the square root of the average of the square of the distance
of each data value from the mean value.

M (33.3)

Sample Standard Deviation

Let the sample consist of n elements {1,232, ...,2,}, taken from the population, with mean Z.
The standard deviation of the sample, denoted by s, is the square root of the average of the
squared deviations from the sample mean:

Llz-—22 (33.4)

n—1

S =

It is often useful to set your data out in a table so that you can apply the formulae easily. For
example to calculate the standard deviation of 57; 53; 58; 65; 48; 50; 66; 51, you could set it
out in the following way:

sum of items

mean _—
number of items

PL

18

6
= 56

Note: To get the deviations, subtract each number from the mean.
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X Deviation (X — X) | Deviation squared (X — X)?
57 1 1

53 -3 9

58 2 4

65 9 81

48 -8 64

50 -6 36

66 10 100

51 -5 25

S X =i [ S 7 =0 S X — X)Z =320

Note: The sum of the deviations of scores about their mean is zero. This always happens; that
is (X — X) =0, for any set of data. Why is this? Find out.

Calculate the variance (add the squared results together and divide this total by the number of
items).

Variance =

Standard deviation = +wariance

Difference between Population Variance and Sample Variance

As with variance, there is a distinction between the standard deviation,o, of a whole population
and the standard deviation, s, of sample extracted from the population.

When dealing with the complete population the (population) standard deviation is a constant,
a parameter which helps to describe the population. When dealing with a sample from the
population the (sample) standard deviation varies from sample to sample.

In other words, the standard deviation can be calculated as follows:

1. Calculate the mean value Z.
2. For each data value z; calculate the difference x; — T between z; and the mean value Z.
3. Calculate the squares of these differences.

2

4. Find the average of the squared differences. This quantity is the variance, o~.

5. Take the square root of the variance to obtain the standard deviation, o.

Worked Example 149: Variance and Standard Deviation
422
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Question: What is the variance and standard deviation of the population of possi-
bilities associated with rolling a fair die?

Answer

Step 1 : Determine how many outcomes make up the population

When rolling a fair die, the population consists of 6 possible outcomes. The data
set is therefore z = {1,2,3,4,5,6}. and n=6.

Step 2 : Calculate the population mean

The population mean is calculated by:

1
7= (14243444540
= 35

Step 3 : Calculate the population variance
The population variance is calculated by:

2 Yz —z)?

g =
n

1
= 5(625+2.25+0.25+025 +2,25 + 6.25)
= 2917

Step 4 : Alternately the population variance is calculated by:

X X-—X)| (X —X)p2

1 25 6.25

2 -15 2.25

3 05 0.25

4 05 0.25

5 1.5 2.25

6 25 6.25

SSX =21 52=0 | 5. (X -X)2=175

Step 5 : Calculate the standard deviation
The (population) standard deviation is calculated by:

o = /2917

= 1,708.

Notice how this standard deviation is somewhere in between the possible deviations.

33.2.3 Interpretation and Application

A large standard deviation indicates that the data values are far from the mean and a small
standard deviation indicates that they are clustered closely around the mean.

For example, each of the three samples (0, 0, 14, 14), (0, 6, 8, 14), and (6, 6, 8, 8) has a mean
of 7. Their standard deviations are 7, 5 and 1, respectively. The third set has a much smaller
standard deviation than the other two because its values are all close to 7. The value of the
standard deviation can be considered 'large’ or 'small’ only in relation to the sample that is being
measured. In this case, a standard deviation of 7 may be considered large. Given a different
sample, a standard deviation of 7 might be considered small.

Standard deviation may be thought of as a measure of uncertainty. In physical science for
example, the reported standard deviation of a group of repeated measurements should give the
precision of those measurements. When deciding whether measurements agree with a theoretical
prediction, the standard deviation of those measurements is of crucial importance: if the mean
of the measurements is too far away from the prediction (with the distance measured in standard
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deviations), then we consider the measurements as contradicting the prediction. This makes
sense since they fall outside the range of values that could reasonably be expected to occur if
the prediction were correct and the standard deviation appropriately quantified. See prediction
interval.

33.2.4 Relationship between Standard Deviation and the Mean

The mean and the standard deviation of a set of data are usually reported together. In a certain
sense, the standard deviation is a " natural” measure of statistical dispersion if the center of the
data is measured about the mean. This is because the standard deviation from the mean is
smaller than from any other point.

? Exercise: Means and standard deviations

® 1. Bridget surveyed the price of petrol at petrol stations in Cape Town and Durban.
The raw data, in rands per litre, are given below:

Cape Town 3.96 3.76 4.00 391 3.69 3.72
Durban 3.97 381 352 408 3.88 3.68

A Find the mean price in each city and then state which city has the lowest
mean.
B Assuming that the data is a population find the standard deviation of each
city's prices.
C Assuming the data is a sample find the standard deviation of each city's
prices.
D Giving reasons which city has the more consistently priced petrol?
2. The following data represents the pocket money of a sample of teenagers.
150; 300; 250; 270; 130; 80; 700; 500; 200; 220; 110; 320; 420; 140.
What is the standard deviation?

3. Consider a set of data that gives the weights of 50 cats at a cat show.

A When is the data seen as a population?
B When is the data seen as a sample?

4. Consider a set of data that gives the results of 20 pupils in a class.

A When is the data seen as a population?
B When is the data seen as a sample?

33.3 Graphical Representation of Measures of Central Ten-
dency and Dispersion

The measures of central tendency (mean, median, mode) and the measures of dispersion (range,
semi-inter-quartile range, quartiles, percentiles, inter-quartile range) are numerical methods of
summarising data. This section presents methods of representing the summarised data using
graphs.

33.3.1 Five Number Summary

One method of summarising a data set is to present a five number summary. The five numbers
are: minimum, first quartile, median, third quartile and maximum.
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33.3.2 Box and Whisker Diagrams

A box and whisker diagram is a method of depicting the five number summary, graphically.

The main features of the box and whisker diagram are shown in Figure 33.2. The box can lie
horizontally (as shown) or vertically. For a horizonatal diagram, the left edge of the box is placed
at the first quartile and the right edge of the box is placed at the third quartile. The height of
the box is arbitrary, as there is no y-axis. Inside the box there is some representation of central
tendency, with the median shown with a vertical line dividing the box into two. Additionally, a
star or asterix is placed at the mean value, centered in the box in the vertical direction. The
whiskers which extend to the sides reach the minimum and maximum values.

first median third
quartile quartile
> q
minimum maximum
data value data value
-4 -2 0 2 4
Data Values

Figure 33.2: Main features of a box and whisker diagram

Worked Example 150: Box and Whisker Diagram

Question: Draw a box and whisker diagram for the data set
x ={1,25;1,5;2,5;2,5;3,1;3,2;4,1;4,25; 4,75; 4,8; 4,95; 5,1}.
Answer

Step 1 : Determine the five number summary

Minimum = 1,25

Maximum = 4,95

Position of first quartile = between 3 and 4

Position of second quartile = between 6 and 7

Position of third quartile = between 9 and 10

Data value between 3 and 4 = %(2,5 +2,5) =25
Data value between 6 and 7 = 5(3,2+4,1) = 3,65
Data value between 9 and 10 = (4,75 + 4,8) = 4,775

The five number summary is therefore: 1,25; 2,5; 3,65; 4,775; 4,95.
Step 2 : Draw a box and whisker diagram and mark the positions of the
minimum, maximum and quartiles.

first third
quartile quartile

l median l

*r— [ 2]

minimum maximum

1 2 3 4 5
Data Values
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Exercise: Box and whisker plots

1. Lisa works as a telesales person. She keeps a record of the number of sales she
makes each month. The data below show how much she sells each month.
49; 12; 22; 35; 2; 45; 60; 48; 19; 1; 43; 12
Give a five number summary and a box and whisker plot of her sales.

2. Jason is working in a computer store. He sells the following number of com-
puters each month:

27; 39; 3; 15; 43; 27; 19; 54; 65; 23; 45; 16
Give a five number summary and a box and whisker plot of his sales,

3. The number of rugby matches attended by 36 season ticket holders is as fol-
lows:

15; 11; 7; 34; 24; 22; 31; 12; 9
12; 9; 1; 3; 15; 5; 8; 11; 2

25; 2; 6; 18; 16; 17; 20; 13; 17
14; 13; 11; 5; 3; 2; 23; 26; 40

Sum the data.

Using an appropriate graphical method (give reasons) represent the data.
Find the median, mode and mean.

Calculate the five number summary and make a box and whisker plot.
What is the variance and standard deviation?
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Comment on the data's spread.
G Where are 95% of the results expected to lie?
4. Rose has worked in a florists shop for nine months. She sold the following

number of wedding bouquets:
16; 14; 8; 12; 6; 5; 3; 5; 7

A What is the five-number summary of the data?

B Since there is an odd number of data points what do you observe when
calculating the five-numbers?

33.3.3 Cumulative Histograms

Cumulative histograms, also known as ogives, are a plot of cumulative frequency and are used
to determine how many data values lie above or below a particular value in a data set. The
cumulative frequency is calculated from a frequency table, by adding each frequency to the total
of the frequencies of all data values before it in the data set. The last value for the cumulative
frequency will always be equal to the total number of data values, since all frequencies will
already have been added to the previous total. The cumulative frequency is plotted at the upper
limit of the interval.

For example, the cumulative frequencies for Data Set 2 are shown in Table 33.2 and is drawn in
Figure 33.3.

Notice the frequencies plotted at the upper limit of the intervals, so the points (30;1) (62;2)
(97;3), etc have been plotted. This is different from the frequency polygon where we plot
frequencies at the midpoints of the intervals.

Exercise: Intervals
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Intervals 0 <|1 <2 <|3 <|4 <|bH <
n <1 n <2 n<3 n <4 n<b5 n<6

Frequency 30 32 35 34 37 32
Cumulative Frequency || 30 30 + 130 +]30 +(30 + |30 +
32 32 4+ (132 +1(32 +|32 +
35 35 + |13 +1]3 +
34 34 + |34 +
37 37 +

32

30 62 97 131 168 200

Table 33.1: Cumulative Frequencies for Data Set 2.
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Figure 33.3: Example of a cumulative histogram for Data Set 2.

1. Use the following data of peoples ages to answer the questions.
2; b; 1; 76; 34; 23; 65; 22; 63; 45; 53; 38
4: 28: 5: 73; 80; 17; 15; 5; 34; 37; 45; 56

Using an interval width of 8 construct a cumulative frequency distribution

>

How many are below 307
How many are below 607

Giving an explanation state below what value the bottom 50% of the ages
fall

E Below what value do the bottom 40% fall?
F Construct a frequency polygon and an ogive.
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G Compare these two plots

2. The weights of bags of sand in grams is given below (rounded to the nearest

tenth):

50.1; 40.4; 48.5; 29.4;: 50.2; 55.3; 58.1; 35.3; 54.2; 43.5

60.1; 43.9; 45.3; 49.2: 36.6; 31.5; 63.1; 49.3; 43.4; 54.1

A Decide on an interval width and state what you observe about your choice.

Give your lowest interval.
Give your highest interval.
Construct a cumultative frequency graph and a frequency polygon.
C